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ABSTRACT B

For simple random sampling (without replacement) from a
finite populat ion , suitable stochastic processes are constructed

from the entire sequence of jackknife estimators based on func-

tions of U-statistics and these are approximated in distribution

by some Brownian bridge processes. Strong convergence of the

Tukey estimator of the variance of jackknife U-statistics has

L.a... also been established . Some applications of these results in

C..3 sequential analysis relating to finite population sampling are

also cons idered .

1. INTRODUCTION

Let 
~N 

be a finite population of size N, represented by
the vec tor A

N 
= (aNl ,. . .~

aNN) of real numbers. Let =

(X
N1~

. . ~X~QJ) be a random vector t’hich takes on each permutation
of the elements of A

N 
with equal probability (N!)~~ . Then a

random sample of size n(~ N) drawn without replacement from
may be represented by 

~Nn = (X 1,. ..,X~~), so that 
~Nn takes
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on al l possible n-tup les (a . , . . . ,a . ) , i i ~~ . . . ~ i c N ,
Ni 1 Ni~ 1 n

with the common probability N (hh l~~(= N.. .(N-n+l)Y
1
), for

n =

lor a eyinrn~ ’ : i  kernel 
~Nm~ 

of deqree m(? I), the U-

statistic , defined by

UNfl =U(XNn
) = n ~~m~~~ f (X Nj ,.. .,X

N
. 
~ 

n �m , (1.1)
n ,m 1 m

(where P = {(i ~~. . . ,i ) 1 < 1 ~~ . . . x i <n}), is an unbiased
n ,m 1 m 1 m

estimator of

~N 
U(
~NN) ~~

‘(AN
) =N -Em]

~~ f(a
N
. . . ,a~ . ) . (1.2)

N ,m 1 m

Various properties of UN 
have been studied by Nandi and Sen

(1963) , Sen (1970, 1972) and others .

Let us consider a real-valued function

0
N 

= 
~~~~ 

(1.3)

where g is a smooth function . Though U
N 

is an un biased
estimator of 

~N
’ 0Nn = g(U~~) is not general ly  unb iased for 0

N~
For this reason , we cons ider the follow ing jackknife estimator .

Let
= (fl_1)

_ [m]
~ 

~ 
,X1~. ) , (1.4)

p 1 m
n-l ,m

where P1 = ~ (1 ,. . . ,i ) : 1 s i ~~ . .. ~ i � n with i. ~ i ,n— 1 ,m 1 m 1 m j
1 ~j ~m}, for i = 1,...,n. Also , let

= g(EJ~~~1) , 1 �i �n ; (1.5)

0Nn ,i 
= h1O

Nn (n-lI&~
’
~1 

1 �i �n ; (1.6)

n
* —1 A

0 = n  ~~0 . . (1.7)Nn . Nn ,i
1=1

Then 0* is the jackknife estimator of 0Nn N
For random sampling from an infinite population , jackknifing

of U-statistics has been studied by Arvesen (1969). Recently,

Sen (1977) has carried the investigation further by establishing

invariance pr inci ples for jackknife statistics and incorporating

------
~~~
- —-
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them to some problems in sequential analysis. The object of the

present invest igation is to extend the results of Sen (1977) to

sampling from finite population and to emply them in some prob-

lems of survey sampl ing .
The basic assumptions and preliminary notions are outlined

in Section 2. Section 3 deals with the main theorems and their

derivations. In Section 4, some applicat ions and clarification

of certain results , which have so far been tacitly assumed by the

workers in this field , are discussed .

2. PRELIMINARY NOTIONS

As in Sen (1972), we define for h : 0� h c m ,

f
h

(X
i

, . . . ,  
i 

= (N~hY
Em
~~ (h) f ( X I, ... ,X . )  , (2.1)

where ~ extends over all 1 ~ i x ... ~ i N with j .
(h) h+ 1 m h+j

I for j = 1 ,... ,m-h and s = 1 ,. .. ,h.  Then f 0 ~N and 
~m = ~

Also , let 
—

~h ,N 
= Var{f

h(~Nh
) }

= N~~
h ]
~~ f

~
(a
N
. .,a~~ - , (2.2)

N,h 1 h

for 0 <h c m , where 
~O N = 0 and it follows from Nandi and Sen

(1963) that 
— —

0 — 

~h N  ~ (h/~ )l~g~~ 
V 1 ~h 

c g m . (2.3)

For the study of asymptotic properties , we conce ive of a
sequence {(1

N
} of popula tions and a l low N -

~ ~ . We assume that

* (A) inf 
~1 N 

> o and SUp 
~ N 

(2 .4 )
N ‘ N m ,

(B) Sup I
~
If(

~N 
) I~ < ~ (2 .5 )

an d (C) g, in (1.3), has a bounded second der iva tive in some
neig hborhood of 

~i . Note that the second condition in (2.4)N N f o r p
f o l l ows from (2 . 5) .

Note that by (3.22) of Nandi and Sen (1963), V N .n >m , Bust Sectlo~i ~

n
_ 1

m
2
.fIN~nh/{N~m}};N~~

V {U Nn} ~n m{N.~~~ 1}c N (2.6) 
~~ ____
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so that by (2.4), for in~~ncN( 1_E ) , c ~ 0,

0 < inf nV (IJ
N ~ 

� sup nV(UNfl) 
< (2.7)

N N
while nV(UN

) + 0 as n + N. Further , by (2.4) and (2.5),

I~~!~ N
l N 1  -

~~N
(f[c1,N1} 

= 0(N
h/4
) as N . (2.8)

Let us also define , as in Sen (1972) ,

= ~- Eh]~ f’
h

(X
i 

,..., X. ) , 0 � h � m  , (2 . 9)
n ,h I h

whore ~~~ and ~~~ tJ N * ~ n �m , and le t

k=O H , h = O ,l ,. . .,m . (2 . 1 0 )

Then , as in  Sen (1972),
m

— ç m
~~

(h)
Nfl L. h Nfl

h=0

(;iven that the collection (a . ,. . . ,a . ) corresponds to a
Ni 1 Ni~

sample X
Nfl 

(without specifying the order in which the elements

occur ) , 
~Nn can assume any one of the n ! possible permuta-.

tions of (aN
. ,. .. ,a~ . ) with the same conditional probability

-1 . 
in

(n!) . The conditional expectation with respect to this condi-

tional distribution is denoted by E(ICNfl
) .  Then ,

L(
~Nn-.~~~Nn) = ~~~~~~~~~~ , V n > m  , (2.12)

and , as a result , by (1.5)-(1.7) and ( 2 . 12),

eNf i  ~~Nn 
+ (n_1)E((ONn - 

~N l )IC Nfl
} , V n >m . (2.13)

The Tukey estimator of the variance of n ( n-~ N)t(N~~
)
~~

l is

VNfl 
= (n-1) ’

.~ ~
0N n j~ 

e~~) 2 
. (2.14)

where by similar arguments if follows that

= n(n-1) Var{(ONfl
.. 
~N l )IC Nfl

} . (2.15)

Both (2.13) and (2.15) are in agreement with the parallel results

for infinite populations, treated in Sen (1977). We conclude this

sect ion w ith the fol lowing.

~
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Definition: Let (T
N I n � N , N � i} be a double sequence of eta-

tistica and {a
N . 

N � i} be a sequence of real nwnbera. Then,

TNn aN strongly converges (s.c .) to 0, if for every c > 0

and every sequence {N *(~ N) } , such that N* -* ~ as N -
~ ~~~

(but N*/N may or may not go to 0),

iii ~ p{ max IT N aN I > = 0 - (2.16)
N*�n�N

We shall find this definition useful in the subsequent sections.

3. INVARIANCE PRINCIPLES FOR {o~~}

Let fN*} be a sequence of positive integers such that as

N ~~~~ N* + but N*/N -‘~ 0 (viz., N* =N
X
, O < X < l of log N

etc.). We then consider the stochastic process ZN = {Z
N(t),

t ‘ I = [0,l]} by letting tN ,k 
= k/N , k = 0,1 ,... ,N and

0 , t < Nt/N

Z
N

( t ) = Z Nk = k(NV Nk)
_½
(&~k 

O
N
) , t _ t N k  (3.1)

(k+l_ t)ZNk + (t_l)Z
Nk÷1 ~~~~~ t .~

tN k+l

for k �N. Then , Z
N 

has a continuous sample path and it belongs

to the space C[0,1] of continuous real-valued functions on I.

l.et Z0 = (Z0(t) t I } be a standard Brownian br idge on I. That

is is a Gaussian function with EZ
0
(t) =0 and EZ

O (s)Z 0(t) =
s A t  - St = min(s ,t) - st , V s,t € I. We say [viz., Bill ingsley
(1968)] that ZN 

converges in law (or distribution) to Z0 if
k

for every continuous functional h(.) assuming values in R

the k(� 1)-dimensional Euclidean space, as N ~
, h(Z

N
) has

asymptotically the same distribution as of h(Z). For example ,

the above weak convergence of Z
N 

to Z° insures that
sup {Z

N(t): 0 ~
t ~ i}, sup (IZN

(t)I: 0 �t � i} and f~Z~ (t)dt have

the same limiting distributions as of sup(Z0(t): O �t � l },

sup(~ Z
0(t)~~: 0~~t ~ l} and f~,[Z°(t)J

2dt , respectively. This

mode of convergence is stronger than the asymptotic normality

of n½ (0~~_0) and it also insures that for finitely many



t 1,... ,t (a ll belong to I), [Z
N
(t

l
),. ..,Z

N
(t)] has asymp-

totically a multinorinal distribution . Then , we have the follow-

ing.

Theorem 3.1. Under ilsswrrpt ions (A) , (B) and (C) of Section 2,

Z N converges in l~~a to Z0.

Before we present the proof of the theorem , we cons ider
several results. First , the following theorem (whose proof is

postponed to Section 5) is of basic importance in this context .

Theorem 3.2. Under (2.5), In(n-.l)E{(U
N f l l

-.U
Nfl)

2
IC Nfl

} m
~~l N I -.~0

s .c .  es N - ~~~ .

Note that n(n
~

l )E
~

(UN l-.UN )
2
ICM

} = (n
~

l)
~~~

(U
~
’
~ f

UN )
2

{> (n..l){ max (IJ
N
’

l 
UNn) }}~ 

so that by (2.5) and Theorem 3.2,
l�i�n

max max (n_l[U
~~~l

_U
Nn]

2 
= 0(1), in probability . (3.2)

N*�ncN l�i�n 
-

Further , by Theorem 1 of Sen (1970), LJNn UN
O s.c., and hence ,

by (3.2) ,
max 

~
U
~~

3
l

_11
N I -‘

~ 0 s .c. ,  as N + 
~ . (3.3)

l isn -

Let us now define

= ~~~~~~~~~~~~~ N � 1 . (3 4)

Then, by virtue of Theorem 3.2, and (3.2) and (3.3), we may vir-

tually repeat the steps in the proof of Theorem 3.1 of Sen (1977)

and obta in that under Assumptions (B) and (C) ,
VN~~~~

y
~~
+ 0 s.c., as ~~~~~

= 0(n~~) in the strong sense in (2.16) - (3.6)

Let us now return to the proof of Theorem 3.1. Suppose that

in (3.1), we replace VN k ( t) by and denote the resulting

process by Z~ = {z~(t) ,t e U. Then, by definition,

= sup
~
Z
N

(t) - Z
~(t)Itc I

= 

~~
{IYNP’~k~~tIi 

11 IZ~(t)I} (1* a [s-, 1]} . (3.7) 
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( 1 )  : t I 1) j ,  t h * r~ , l a y  I ~~. ~ .ui i I .7) , ~~~~~ ,

1) a ., • ‘ . k i a c a , i t , 1 2 1 i 1 1 * : ’ to ~i ILa V~ t ri*

I ii’ ia F l ! .~ . a . .~, ,~~
. P ~~~~~ L . z: : ‘a l ~~~ ‘~~i’~ I’ I . .

~ 
,
~~~~

‘, i. ,

/ . ~‘C ~(i Z
I ~ a I . *‘* h O t  t h ; a t

- ;~ ( i J ~~~ j -

= ~~ 1. )  ~
11 .~~~

- , .
~~

~~~~~~~ J~~;” ( F 0 , ( 1  - t i j . . , j ,  ~~‘ 1 ’  1 , ( .~. ~~j

ha-n b1 A ’~ ~~ ‘ t  j o n  (
~~ J ;a ’’ ( 

~ 
,
~ a d  j j j  . , r)~~ r a t j

ijl . , . I , v I Ii , i~~~~~i i  1 ol ‘ i a  (1970) , T~ ~ ( I J  - . . . ) 0 s .c .

. 111 1 F a ’ n u

- 
( ;  ~ . - ~~‘ I . . )  H . - . i i  - 1) ~ • (

~ .

l j j a  ‘. l l a ) L ~ t h at a n  ( •
~~. IJ , r ( ~~ . ‘ . — 9 ~i i )  ~ , ha ,

) (
~ - P c ) and 

~~. , i ~~a L I  , Iy , a l a )  dell a t. L I lL~ . o i l  i ia g

I i  I - .s y i:,. = { :, , t j , t I i • a L l !  , a)  i L ’ J I i ~~ ~~~. 1 (if a~~la

( I17~~) ,  .. L (  l~ y s  in l:a~ Iii ~~~~ i~ t a I i C  I,,.’ (3 .0  ~n 1  L .J ) ,

7 t O  ~~a COfl V i !  ~~~ l i C C  O f  — .

~ 0 , 1 .  10)

a l l a h  I’ IICC , Z , L o I a . L r l a a  w ;d ly 1. ’ 
~~~~~

. ) .1..I) .

So l i i , w L I I . ’. ; i , ~~~~ i : a i t i d  ‘ L a ’.: 1 , . a t • (  :j l l i i i  r , 1 ~~H r s .
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( I i
) ! , .. 

I I ( a 4 ) ~~ 
( b r  ~

( llit 9 — 1j •~L1f h1t Ii q — v ’ ( t~~r ,

wlu a t h a t  l J .. 1 ( ~~ ) 
I i l l i r I L d  h ( 1 . 1 )  f o r  r (  I l l,  i (j j  o f  d~~~rce

iii (— I)  a r id  In  t i~’ a nte I rallI~~i’.(a I( , a~ a: h a ,  . , = IJ~. ,  ~~~ 
~~~~

a i d  0 , (Ii ) ~~~~~ ~~~ w~~ 
,I . L l l a a  t h a t  g III ounded StiMu li

(II d ’ r  f a ; i  r I  i a 1 it r i v a t  a vt in . a m ~ t i c  I ~:Flt li rhood of  ;.
~~ 

. I

r a ’ ~. J : a t a : i g  i n  ( l . 5j ,  J~~ 1 ) ~ t ,
~ 

I d e f ij i a d is  i n  (i .4j w i t h



i 
H 1 • 

0 ( 1  I II’ I Ii’: J . a  F n i f t  ( : 5 1  1 l’lIl 1 (if 
j
;,
’ a .

iii ( I  H — ( 1 . 7 1 . I f  ~i- ‘ Jr . , f i r -  ; a ’  i n  ( 2 .  ) f o r - f -

:17 1 I I - ) 4 5  ~~ i l l  (~~ - ~), I l a Y  ~ j ) I ~~~~~~~ 
f
(~~j h • t he r e - a l t  -

I nT 1 1 : 1 1 1 7  1 , a s h - i , o I  * -d  by 
~Ii 

( 
~
‘ ) 

, . 5! 1 , = I 
~

. • . , p :a r id 0.

I n’ r t • :~- ,- . a u  a l a  t las t  ( 2  . 4 )  - ( 2  . Sj  Fas 1! f a r  ‘sa c I ( I , . . . , (~~) , J i

I o l I a~~ 
- . M a T - f l 1  ‘; •‘ a  I .’ S irli j jar t ‘, I ~~ 

,a Y t ,  ill 1 9’ : ~~ro a f  o f

t i  ‘LIla 4 . (‘ .‘ ‘: A ;.;ii :riti a ,‘ ) t F a a  I fr~ r 1 hi- j  ;ai .~ 1’ ri vs ri lar iCt  ‘

V . ‘ 0 s . c . , ( 3 . 1 1 )

.. f i ’  r’ 9 9
= 

I~~~1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ 
. ( 1 .12

l ! a i~~* ‘ i i )  l’ : ;at  Oil , ‘ Ih’ ’ a r ’ !  ~.l :11th 1 . 2 liol i tinder n~
, ex t r a

l i l y  i a a i i f i I  , a! a  1,a: a~~1 y , ( 3 . .~j - a r i d  (3 .3) h o l d  coordinate-

a . ‘ I or a .i~~ h I = J 
~
) , a ri (3 . ~ 

j ‘,~t h:a ~e a : : a a  it i v a r i a t e

‘ a l a ! ‘a !  9 l a y  1 r ‘ r i’  S a . :ar i ’ ;  ion , -
~~~a I hat In ( 3 . 9) (and in

I’ H t IF  I r a  ~ ) ,  0 ’~~~. ( ‘~~~ J i:* 5 ‘ ‘ a  Ii’: repiact : ’ I  0 :1

I ’ I H I  . - - ; - ,~F i c  F. 
* 

F - j  I i I’  a j 1 rn -Ia U a Oflij) 1 f lat i (in Of
~.r (j

~ 
‘.(j)

s I * I ;i t J  - 5 t : a l  1 - . t i c  , ar id baLl :  c , I F ’ : ’, I’ l l  ~ . 1 of Sen
( ! i i Y  I h o l d ’ . d i !  - I ] v .

I t  i s a 1 si 5’~~’;, j h i  ‘ 1’ , i oh S i ’  a - I a 1’ ’  I t T  9 ,, = :~ 
(U ,) and

HII ,~~~~ , ~. b a ( l  
~~~~‘) 

~~~~~~~~~~~~~~~~~~~ 
f o r  some

r I a m !  I )  = (9 , ... ,IJ ), b o i  S1 a T i L  9 ’ ] .  In such
“. 1 1  .‘ * I l  ( 1 j  .11 (‘I

‘ t I ., .~l’ :1 - 0:11 -  1 11 :11  t a r  ‘ a  F ~‘ - ;at ia i  1 , . , the• i t ( j
- a  - lO la l  t O r i ’  I A ; ,  ( l ~ ) arid (C j of 9(’ a :t J O n  2 :ir’- : i e t  . Def ining t h e

L y ( 1 . 4 )  f o r  I = ( f
( i) ’

~~~~
• ,f~~~~~ ) and = g ( U ~~~~~).

I I ~ , t ln’ ; : a *  W i i fe  e l  irnator 1~ a ’ ;  : a : ’ a a r i  d e f i n ed b y

l i t ’  Tukey cot  m m a t o r  of t h e  ‘ I i  - J i t r iora m a t r i x  of

ra ‘ ( ;~ g i vera by
-

~ ~~~~ ~~~~~~ . . ~~~~~ ~-~Nra , i~~~~ n~ 
‘ 
“~

‘
~ ri ~ 

. (3 . 13)

a - , c ’ a ra ’ i der the mat r ix  
~~ 

= ( ( r\~~~ ,)J w hero , for every

• • ,r )

= 

•
~~ ~~~~~ ‘,)j  ~~~~~~ ~~~~~ ~l (j~ .) ,N (3. 14
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- I’ ’  S I I ) a -
‘ a ! ’  ) ‘ J I t ’ ’ t !  a ’ , i r a  ( 4 , 1 J ),y I i t ii ’ s  r a l i t  cr110 I ;a t I ‘ a l a  iii
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I I  ‘ ‘ S :aaa , I

1~ “~~~~~~~~~f j )  i f  i ;  u o - : i l  J~~ a -  ‘ I i ’ I i r a i t ’ :

S l i d  N ’  F . ‘ S

1 , ot l u t ’ r w i  -s’ , ( 3 . 1 ( a )

11111 I I ‘~~ , I - I F S It )  , I I } I ,’ - a V t ’ ,  l a t h - i ll a l ’ S a : t r a  I ij ni’t ion

on I ~ i t O  I .,3 °( t)  = 1) and I. ) : :
° ( r ) )  ( 5

0 ( s ) )  = F (:; ‘ t ) - o t  F i ,

V o , t , I , w h i r ’ -  I - is I lit unit mat iii 1 order r. ii ia ao , the

t ’ I , l u i ; ) a , l l a - l a t  ii ) ,. Sr i  1 1 1 a ai t Ic ’~ie ndemit Brow n :an hr I a l ;.(’ S on I

I b a - ia , wi h: i v e  ( I i i -  fo 1 1 o w l  n~ -

‘ I Ii ’o r’caii 3~~4 • If I i ’  1 frI a f r , . j  1 /  7 )0, ’ PTa if .’ ( P )  / /1. t O , a ’ p/ ia Y’ ’ / * 5 l

/ j a )  / a L, 
* 

.10’ 1’  0 1 ’  / 0  J .  (/.

Or i t  h it’ of ’ t in’ j ’ roul’ . l et  us di’ t ’ i rae ~ 
~~~ ( I ) , t ‘ I I , hy

ir a / f  ill (3 . 10 )  V ,,1 lay f , , ‘t hen , ‘v :1 19 ’t lnh f ’n ts ’;iflh i lar
~ 5 1t )

I 0 I i to - i’ i ni I 3 .7)

- 

~[~~~ l 
~N~ Nk ,,(ti~ -r ’ .s~~

( t  ) I ~ (~~ . 17)

wh i r,- I ~~~~~~~ ;rnd I A! 
2 

= t r a c ’ of A~~. Ilcitet’ , by v ir -
- - - . ‘ , H V  (I -t i a ’ ’  u t  ( 3 . If . j , i t  ‘;uf f i ces  to show t hat . Towa rds tlii ‘;

w i•  a - u a r i ’ , ia l i ’ r  a ‘ l i r e ct  ( u - o o r i l i n a t e w i s e )  ( ‘ x t i ’ r i . j o r a  of (3 . F~) — ( 3 • 9 )

w i t  Ii itauth i f i  rat iOnS  55 in af ter  (3. 15)  , and the rest  of the

~ 
roo f’ t o  I I OW’ -, lay i ts  i rag a di rect (vectu r — } ex t  i n ’ ;  l u a u  of Theorem

S • I of ’ Sem i (1972 j
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n~~=anin {k: k~~n
11 and ch i .)k)�d

2
kNF (N-k)x

~,,l~~
] ’} (4.10)

where d i> 0) is a preassigned (small) positive number and
(I . . . . .

n (> p) is an initial sample size with which sampling commences.

Thus n~ is a positive integer valued random variable and n
0

~ n~ 
- N . Then, starting with the sample size n°, units are

drawn (one by one) without replacement so long as k � n ~ i.e.,

ch
l (Y~Nk ) > d 2N k / ( N _ l ) X

~_ i ,a • When k = n ~ , sampl ing is termina ted

and ‘Nn~ ’ defined by (4.9) for n = n ~ , is taken as a (simultane-
d

OUS ) confidence reg ion for No te tha t if A be any p .d .
matrix , then by the Schwarz inequality

sup {Ie’~ I : t’t.= i} = 5~p {~ A½A ”~
½
~ l :  . e ’e = i }

< [sup{.~’~~~: £tL=l }(\
1 1

~~)J
’
~

= [ch
1

(A) (x ’A ’
~~x)J

’
~ . (4. 11)

h ence , choos ing A = and x = (b
~T~ 

- 

~N~ ’ 
we obtain from

d d
(4.9), (4.10) and (4.11) that the maximum diameter of I~ * 

is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ 2d 

md 

(4.12)

so that the w id th of the conf idence in terval for any ~~~~~~~ is

bounded by (~~e) ’~ 2d, i .e. , is a bounded-diameter confi-
d

den ce region of We intend to show that a d is chosen small ,

~~~~~ 
INn*~~N} 

+ i -ct , (4 .13)

insur ing that the confidence coefficien t of 1Nn * approache s
d

1-ct when d is chosen small. Towards this, we define

= minik : k �n ° and ch
l (LN

)r d 2kN/(n_k)X
~_ l ,~~

} .

Then , by (3.15), (4.10) and (4.14), we have

n~/n~ 1 s.c., as d + 0 , (4 . 15)

and as a result, using the continui ty (or , rather , the tightness) 

- 

.~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



property of ZN 
[implied by the convergence in law of ZN to

z0j we obtain that Z
N

(N ’n
~
) - 

~N
( N n

d
) ~ 0, wh i le by

Theorem 3.4 , Z
N

(N ”
~
n
~
) has asymptoticall y a multivariate nor-

mal distribution . Combining this with (3.15), we conclude that

1Nn * - TNn° 
-
~ 0 s.c., as d ~ 0 , (4.16)

d d
and using (4.16) along with the fact that T

NflO 
has asymptotically

the chi-square distribution with p - 1 DF , wg conclude that

~~~~~ 
‘Nfl~ L~N~ 

= P {T
Nfl* �x

~~1 c t I~ N
}

P{TNnO �X
~_ 1 ,ct i~ N

} 1-ct as d 4’ 0 . (4.17)

Thus , (4.13) holds . The theory developed here is an extension of

the Chow-Robbins (1965) theory of fixed-width confidence inter-
vals to finite population sampling and to a more general class of

statistics.

In medical trials , of ten , repea ted signif icance tests (RST )
arc made on an increas ing sequence of sample sizes wi th a view to
stopping ear l ier  if a signif icant resul t is obtained at that time
(prior to reaching the target sample size). Here, we shall deve-

lop such RST procedures for sampl ing from a finite population .

a The theory rests on the invariance principles stud ied in Section
3. Let

TNk = (k 2/N ) (
~~k

_
~ N

)tV
~~
(
~~k

_ 8
N ) for N* <‘k �N , (4.18)

where N* ~+ ~ but N~~N* + 0 as N -‘  
~~, while  we let T

k 
= 0,

V k’~N . Let then

KNn 
= 
~~~ 

and M
N 

= N ’
~k<

TNk , (4. 19)

whe re n/N + V (0,11 . Then, we have

sup 
{~~~ 

W~0(t)} = K,9~
’1
~ , say , (4 .20)

0�t~fv j= 1

V P’ f~ 2 ( F’

~ J W~0(t)dt = W~~ ‘ , say
j = 1 0

where {w .0 (t) , t i} are independent copies of a standard

— —  “-.- ‘ -‘-I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ___



Brown ian brid ge on I. Let and ~~~~~ be the upper

l OOa% point of the distributions of K~1~~’) and ~4~P”-’), respec-

tive ly. IFor p 2, and are functionals of a single

Brown ian bridge and their dis tribut ion s are known; see Koziol and
Byar (1975) and Pettitt and Stephens (1976). For p~~ 3 , analy-
ti cal solutions appear to be intractable; however , the prospect
of simu la t ion is qui te bright. We may refer to Majumdar ( 1976)
for some related work ,J

Suppose now that we desire to test l-I
~
: 
~N 

= 
~~~ 

(specified)
against 

~
3N ~ 

Let T~~ be def ined by (4.18) when QN is
replaced by 

~~ 
and M0~ (and K~~) be defined by (4.19) when

TNk is repl aced by T~~, k> l.  Then, we have the following RST

procedure:
Continue sampling as long as k< n  and T

~k 
(or MNk ) is

(or ~~~~~~~ If , for the first time , for k=D (� n),

~~~~~ (or
’ 
M~0

�M~9’~~~), stop sampling when 
~ND is

observed , alon g wi th the rejection of H
0
. If, no such D(~ n)

exists , stop sampling at the preplanned n-th stage (i.e., when

~Nn 
is observed), along with the acceptance of H0.
By (4.9) through (4.1 3) ,  we conclude that the asymptotic

level of significance of this test is equal to a. Also , E(D) �n,

indicating a saving in the average amount of sampling over the

f ixed- sample s ize procedure. In fac t , we may even test for a more

general hypothesis:

f1
~
: 
~~N 

= 
~0 

~~ H: 
~~~~~~~ ~ ~o 

(4.22)

where ~ is a qx (p-l) matrix of rank q(l “q�p -l) and

i s a specified q-ve ctor. For this case , in (4.18), we need to
take TNk = 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
k~~N* (and equal

to 0 for k~~N*), and in (4.20)-(4.21), we need to change p- i

to q. Rest of the sequential procedure remains the same .

~~ _ _ ,~ iT~~ r .‘- _
“
: .~~~~~~~~~~~~

‘ 
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•
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4. ? . I, stirnat jon and iestinj~~of R a t i o  of Means.

In the same set up of Section 4.1 , we consider the parameters

0N(ij) 
= ~~i),~~j) , for 1~ j < j ~p , (4.23)

land our interest centers around one or more of these ratios. The

usual estimator of p . . is
N(ij)

= ~~
j)
,~~j) x = n” ~ x

N (ij) Nfl Nfl ‘ Nn Ni

-‘ (V  V I  1 (4— 
~~~~~~~ N ‘ ‘

for I i < j p
~ 

Though X
N 

is a U-statistics (vector) and is

u nbiased for 
~N’ ~N (ij) 

is not generally an unbiased estimator

of PN (i i )• h ence , jackknifing may be employed to reduce the

bias. h ere , we note that

(~/~b.)(b1 /b 2
) = (-1)’ (b

1/b 2)
”4b~

1 for i = 1 ,2 . (4.25)

Ihence , we may proceed as in (4.9) through (4.22) and cons ider
point as well as confidence interval estimators of

i <j  < p and also (sequent ial or nonsequent ial) tes ts for any
subset of these parameters. In pass ing , we may remark tha t the

Crizzle-Starmer-Koch (1969) linear models with categorical data

extend to the situation when proport ions are ratios and samples

are drawn without replacement from f inite populations , and where
jackknifing is employed for bias reduction . This is actually a

special case of (4.2 3) when each of the p arguments of a
N~ 

is
either 0 or I , so that ~~~ is the proportion of l’s in

the N responses on the i-th charac terist ic , for i = 1 ,... ‘p.

4 .3. Optimal Allocation in Stratified Random Sampling

a Suppose that the population of N units is subdivided into

r (- 2) sub-populat ions of sizes N 1 ,.., ,N (so that N = N1 
+

+ N ) .  Let 
~Nh and kNh be de fi ~‘t ’,~d as in (4. 1) for the

h-th sub-populat i on , h = 1 ,... ,r. Suppose that a sample of size

n is to be drawn and let n 1 , . . .  ‘fi r denote the sub-sample s izes

for the r strata. Optimal allocati on of n
I~~
...,nr [viz., -

~~~~~~ ~~~~~~~
,, 

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
-- ..~~~~~~



(:hapter S of Cochran (1963fl depends on 
~
Nl ’• ~‘~ Nr ’ 

wh ich ar e
all unknown . We may start with an initial sample of size n

0
(= rn

Ø) with fl () observa tions from each stratum, estimate the

~Nh’ 
1 ~h r and using these estimates get an estimated optimal

allocation for n; this usual practice entails some loss of effi-

ciency . As in Williams and Sen (1973), we may consider a multi-

stage (or sequential procedure) where we keep on updating the

estimators of 
~Nh’ 

1 � h � r , so that the procedure will be asymp~
totically optimal. In this context , jackknifing can also be used—

the theorems studied in Section 3 insure that for jackknifing, the

sequential procedure leads to an asymptotically optima l allocation .

S. PROOF OF THEOREM 3.2

We consider here the proof of Theorem 3.2. Note that by (2.11),

U
N 

- 

~“N = mW~
1’
~ + W~ ; W~ = 

~~~~~~~~ 

, (5.1)

for every N~~n~~m. Hence, for every n> m ,

UN n I  - t
~Nn = m(W~

1
~ 1 

- W
1~~~

) + (W~~~1 - W~~) . (5 .2 )

By virtue of (2.5), (2.9), ( 2 . 1 0 )  and the results of Nandi and

Sen (1963), it follows by some routine steps that

EJ [n (n_l)(W
~n i  

_ W
~~)

2
J
2
) � cn 2 

, V m < n~~N , (5. 3)

where c does not depend on N. Hence, for every N*(� N):
N * -+ ux,

~{N~:~ N 
E [ n ( n _ l ) ( W ~~~ 1 

_ W
~ 
)
2
~
C
N J >~}

n~N*~~~~~~~~~~~~~~’ ~~~ 
)
2
(C N } >

~~~

~ c
_2
E[n(n_l)(W

* 
~~~ )

2
]
2

=N*
N

� 2c~~ ~ � cc 2(N*~lY
i 

+ 0 , V c > 0  , (5 .4 )
n=N*

Hence , to prove the theorem , it suffices to replace n(n- 1)
(U Nf l ]

_ U
Nfl ) 2 by m2n ( n - l ) ( W ~~~ 1- W ~~~ ) 2 . Toward this , not that



n (n-1)E (W~~~ 1 
— W ~~~ )

2
I C }

= n (n-l) 
1 Fi{[W~

1
~ ~

{f
l (xN ) ~~N

}1 2 lC Nfl
}

= ( l ) [~~~~ {f1 xNi ~~~ 
- (w~~~}

2
] . (5 .5)

Note that (W~
1
~~, CN~~ 

n�rn} is a reverse martingale (being a

U-statistic sequence) and E{W~~~}
2 

= Cl ,N
((N_n)/Nn) . Hence , by

Theorem 1 of Sen ( 1970) , V 6 > 0

max [w~
1)

i
2
>~~} 

< c-1; N
{ _ N )

~
’
~~~

}

+ 0 as N* + . (5.6)

On the other hand , U = n {f (X~~~ -
~~N~

2 (n~~ l)  is also

a li-statist ic with Eli = r,~ ,,~ and by (2.5) and by (3 . 14) ofNn ~~,

\andi and Sen (1963), V (U Nn } = O(n (N-n)/N) , V -n ~ N.  Hence ,
by l’heorem 1 of Sen (1970), we have for every c >0 ,

~{N~~~~N~~
Nn ‘~~1 ,N~ 

>~} � c 2 V(U ~~~ )

-‘. 0 as N* +~~~. (5 . 7)
I: rom (5 .S ) ,  (5 . 6 ) ,  and (5.7), it follows that n(n-1)E{(W~~~1 

-

W.~~~
)
2

IC N
} - -‘. 0 s.c., and the proof of the theorem is

complete.

Remark . For inf in ite popula tion s, a similar result has been
proved by Bhattacharyya and Sen (1977). In view of the rela-

t ively stringent assumption (2.5), for finite population sampling ,

the present proof is considerably simpler in nature.
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